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Abstract 

The smoothing effect of the Cauchy problem for a class of kinetic equations is stud- 
ied. We firstly consider the spatially homogeneous nonlinear Landau equation with 
Maxwellian molecules and inhomogeneous linear Fokker-Planck equation to show the 
ultra-analytic effects of the Cauchy problem. Those smoothing effect results are optimal 
and similar to heat equation. In the second part, we study a model of spatially inhomo- 
geneous linear Landau equation with Maxwellian molecules, and show the analytic effect 
of the Cauchy problem. 
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1. Introduction 

It is well known that the Cauchy problem of heat equation possesses the ultra-analytic 
effect phenomenon, namely, if u(t, x) is the solution of the following Cauchy problem : 

d t u - A x u = 0, x <ER d ; t>0 

u\ t=0 = u eL 2 (R d ), 

then under the uniqueness hypothesis, the solution u(t, ■ ) = e tA *iio is an ultra-analytic 
function for any t > 0. We give now the definition of function spaces A s (0) where is 
an open subset of M. d . 
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Definition 1.1. For < s < +00, we say that f £ A s (&), if f £ C°°(&), and there 
exists C > 0, No > such that 

\\d a f\\m0)<c^ +1 ( a \y, vae^ h>jv . 

// the boundary of is smooth, by using Sobolev embedding theorem, we have the same 
type estimate with L 2 norm replaced by any LP norm for 2 < p < +00. On the whole 
space = R d , it is also equivalent to 

e c (-A)A( S /3 D ^ e L 2( R d) 
1 

for some cq > and /3q £ N d , where e c °^~ A ^ 2s is the Fourier multiplier defined by 

If s = 1, it is usual analytic function. If s > 1, it is Gevrey class function. For 
< s < 1, it is called ultra-analytic function. Notice that all polynomial functions are 
ultra-analytic for any s > 0. 

It is obvious that if uq £ L 2 (M. d ) then, for any t > and any k £ N, we have 
u(t, ■ ) = e~*(~ Aa =) i*o £ A^(M. d ), namely, there exists C > such that for any m £ N, 

\\{t m df m )u{t, -)\\ L , m < C km \\(t(-A x ) k ru(t, OHl-cr*) 

< |M|L^)C fem m! <C 2fcm+1 ((2fcm)!)*, 

where <9 2fem = X)| Q |=2fcm aeN d ®x- We sa y that the diffusion operators (— A x ) k possess 
the ultra-analytic effect property if k > 1/2, the analytic effect property if k = 1/2 and 
the Gevrey effect property if0<fc<l/2. 

We study the Cauchy problem for spatially homogeneous Landau equation 

[ h = Q{f, /) = V„(o(/)-V„/ -&(/)/), veW 1 , t>0, 
\ /|t=o = fo, 

where a(f) — (a,ij(f)) and b(f) = (b~i{f), ■■■ , b~d(f) ) are defined as follows (convolution 
is w. r. t. the variable v £ R d ) 

d 

&ij(f) = aij * f, bj(f) = (d Vi ajj) *f, i,j = l,---,d, 

i=l 

with 

M«) = (^--^)H' r+a s 7 e [-3,1]. 

We consider hereafter only the Maxwellian molecule case which corresponds to 7 = 0. 
We introduce also the notation, for I € K, Lf (M d ) = {/; (1 + M 2 )' /2 / £ L p (R d )} is the 
weighted function space. 

We prove the following ultra-analytic effect results for the nonlinear Cauchy problem 

CCD. 
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Theorem 1.1. Let f E L 2 (R d ) f] Ll(R d ) and < T < +00. If f fax) > and f e 
L°°(]0, T[; L 2 (R d )f)Ll(R. d )) is a weak solution of the Cauchy problem fP|) . then for 
any < t < T, we have 

ffa - )e/ /2 (l d ), 

and moreover, for any < Tq < T , there exists cq > such that for any < t < Tq 

||e- CotA "/(t, -)\\ L2m <e^||/ || La(Ri) . (1.2) 



In 17j , they proved the Gevrey regularity effect of the Cauchy problem for linear spa- 
tially homogeneous non-cut-off Boltzmann equation. By a careful revision for the proof 
of Theorem 1.2 of (l7l |. one can also prove that the solution of the Cauchy problem (1.10) 
in [13] belongs to A^(M. d ) for any t > 0, where < a < 1 is the order of singularity of 
collision kernel of Boltzmann operator. Hence, if a > 1/2, there is also the ultra-analytic 
effect phenomenon. Now the above Theorem 11.11 shows that, for Landau equation, the 
ultra-analytic effect phenomenon holds in nonlinear case, which is an optimal regularity 
result. 

The ultra-analytic effect property is also true for the Cauchy problem of the following 
generalized Kolmogorov operators 

d t u + v ■ V x u+ {-A v ) a u = 0, (x, v) G R 2d ; t>0 
u\ t=0 ^u eL 2 (R 2d ) 7 

where < a < 00, and the classical Kolmogorov operators is corresponding to a = 1. 
By Fourier transformation, the explicit solution of the above Cauchy problem is given by 

ufa 77, = e- £ ^ +s "^ ds Mv^ + tr,). 
Since there exists c a > (see Lemma \3 . 1 1 below) such that 



(1.3) 



c a (m 2a +t 2a+1 \v\ 2a ) < f \Z + sv\ 2a ds, 

Jo 

we have 

e c (t(-A.r+t !ta+i (-A.n tt(4i . 5 .) ei 2 (M 2 d)5 

i. e. ufa ; ■) £ ^ 1 /( 2Q )(K 2rf ) for any i > 0. 

Notice that this ultra-analytic (if a > 1/2) effect phenomenon is similar to heat 
equations of (x, v) variables. That is, this means v ■ W x + (— A v ) a is equivalent to 
(—A x ) a + (— A„) a by time evolution in "some sense", though the equation is only trans- 
port for x variable. 

We consider now a more complicate equation, the Cauchy problem for linear Fokker- 
Planck equation : 

ft+v-V x f = V v ■ (V v f + vf), (x,v)em. 2d , t>0; 
f\t=o = fa ■ 

This equation is a natural generalization of classical Kolmogorov equation, and a sim- 
plified model of inhomogeneous Landau equation (see [13, HH). The local property of 
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this equation is the same as classical Kolmogorov equation since the add terms V„ • (vf) 
is a first order term, but for the studies of kinetic equation, v is velocity variable, and 
hence it is in whole space M™. Then there occurs additional difficulty for analysis of this 
equation. 

The definition of weak solution in the function space L°°(]0, T[; L 2 (R 2d v ) n L\{R 2 x d v )) 
for the Cauchy problem is standard in the distribution sense, where for 1 < p < +00, I G M 

£f(R£?J = {/ e 5'(M 2d ); (1 + \v\ 2 ) l / 2 f G 

The existence of weak solution is similar to full Landau equation (see 0, (HI). We get 
also the following ultra-analytic effect result. 

Theorem 1.2. Let f G L 2 (R 2 x d v ) (~) L{(R 2 x d v )fi < T < +00. Assume that f G L°°Q0, T[- 
;L 2 (M. 2d v ) nL\(M. 2 . d v )) is a weak solution of the Cauchy problem ftl-4\ )- Then, for any 
< t < T , we have 

/(<, •, - )e^ 1/2 (K 2d )- 

Furthermore, for any < Tq < T there exists Cq > such that for any < t < Tq, we 
have 

| e -co(tA. +t »A„) /(t) . .)|| ^ ^*||/ |U 2(B2d) . (1.5) 

Remark 1.1. The ultra- analyticity results of the above two theorems are optimal for the 
smoothness properties of solutions. From these results, we obtain a good understand- 
ing for the hypoellipticity of kinetic equations (see Til. UJ l). and also the relationship, 
established by Villani 11 3 1 and Desvillettes-Villani flu] , between the nonlinear Landau 
equation ( with Maxwellian molecules ) and the linear Fokker-Planck equation. 

We consider now the spatially inhomogeneous Landau equation 

ft+v-V x f = Q(f,f), (x,v)eR 2d , i>0; 
f\t=o = fo(x,v). 

The problem is now much more complicate since the solution / is the function of (t, x, v) 
variables. We consider it here only in the linearized framework around the normalized 
Maxwellian distribution 

fi{v) = (2tt) ^ e 2 i 

which is the equilibrium state because Q(fJ., fi) = 0. Setting / = fi + g, we consider the 
diffusion part of linear Landau collision operators, 

Q(M) .9) = (a(fJ-) ■ V„g - 

where 

ay(/i) = a tj ~kfx = 8ij (\v\ 2 + 1) - v t Vj, 

d 

^"(a 1 ) = ^2 ( 5 "i a y) *^ = -Vj, i, j = 1, • • •, d. 



In particular, it follows that 



EMA^>I£| 2 , for all (v, £ R 2d . (1.7) 

ij=l 



We then consider the following Cauchy problem 

\n\ fry „\ C l» 2rf f ^ fl ■ 

(1.8) 



fft + t>-V 1B s = V t ,(o(fi)-V tl $-&(/Off) 1 (i,»)e R2i . *>0; 
ff|f=o = go- 



We can also look this equation as a linear model of spatially inhomogeneous Landau 
equation, which is much more complicate than linear Fokker-Planck equation (|1.4p , since 
the coefficients of diffusion part are now variables. The existence and C°° regularity of 
weak solution for the Cauchy problem have been considered in [l|. We prove now the 
following; 

Theorem 1.3. Let g £ L 2 (R™ v )nL%(R™ v ), < T < +oo. Assume that g £ L°°Q0, T[- 
; L 2 (K.^ rf tJ ) nL^R^)) is a weak solution of the Cauchy problem f 1.8\) . Then, for any 
< t < T, we have 

g(t, ■, -)eA\R 2d ). 

Furthermore, for any < To < T there exist C, c > such that for any < t < Tq, we 
have 

^-^ 1/2 ^-^g(t, , • ) r _ < e c < \\goh^y (1.9) 

In this theorem, we only consider the analytic effect result for the Cauchy problem 
(II. 8[) . neglecting the symmetric term Q(g, [x) in the linearized operators of Landau colli- 
sion operator (cf.,(1.15) of Q|) because of the technical difficulty, see the remark in the 
end of section [H 

There have been many results about the regularity of solutions for Boltzmann equa- 
tion without angular cut-off and Landau equation, see [3, 0, 0, S 0, S El , 15, 1(| for the 



C°° smoothness results, and [J, lfj|, |g, [l8|, [l7j for Gevrey regularity results for Boltzmann 
equation and Landau equation in both cases : the spatially homogeneous and inhomoge- 
neous cases. As for the analytic and Gevrey regularities, we remark that the propagation 
of Gevrey regularities of solutions is investigated in [5j for full nonlinear spatially homoge- 
neous Landau equations, including non-Maxwellian molecule case, and the local Gevrey 
regularity for all variables t,x,v is considered in i for some semi-linear Fokker-Planck 
equations. Comparing those results, the ultra-analyticity for x, v variables showed in 
Theorem 11.11 is strong although the Maxwellian molecule case is only treated. As a re- 
lated result for spatially homogeneous Boltzmann equation in the Maxwellian molecule 
case, we refer [8J|, where the propagation of Gevrey and ultra-analytic regularity is stud- 
ied uniformly in time variable t. Throughout the present paper, we focus the smoothing 
effect of the Cauchy problem, and the uniform smoothness estimate near to t = 0. Con- 
cerning further details of the analytic and Gevrey regularities of solutions for Landau 
equations and Boltzmann equation without angular cut-off, we refer the introduction of 
lal and references therein. 
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2. Spatially homogeneous Landau equations 

We consider the Cauchy problem and prove Theorem 11.11 in this section. We 

refer to the works of C. Villani T^, 2(| for the essential properties of homogeneous Landau 
equations. We suppose the existence of weak solution f(t,v) > in L°°(]0, T[; L^M^)- 
f] L 2 (M. d )). The conservation of mass, momentum and energy reads, 



df 



./I /.Hi v U," = (). 



\v\ 2 



Without loss of generality, we can suppose that 

Jwd f(t> v )dv = 1, unit mass 

J^d f(t, v)vjdv = 0, j = 1, • • • , d; zero mean velocity 
J Rd /(£, v)\v\ 2 dv — To, unit temperature 

d 

J* R <i /(*, v)v jVk dv = Tj S jk , T 3 = T o 

3 

Tj = J Rd /(£, v)i)jdv > 0, j = 1, • • • , d] directional temperatures . 



Then we have, 



a jk(f) = Sjk(\v\ + T - Tj) - VjVk ; (2.1) 
bj(f) = -Vj ; (2.2) 

d 

> C x \e , V G M 2d . (2.3) 

3,k 



where C\ = mini<j<d{To — Tj} > 0. 

Now for N > | + 1 and < 5 < 1/N, c > 0, t > , set 



Gs(t, 



e co*l«| 2 



^1 + «y e cot|€P) (i + 6c t\£\ 2 ) N ' 
Since Ga(t, • ) G T°°(R d ), we can use it as Fourier multiplier, denoted by 
G s (t, D v )f(t, v) = T- 1 (G s (t, |£|)/(£, £)) • 

Then, for any £ > 0, 

G s (t) = G s {t,D v ) : L 2 (R d ) -» ff 2Ar (M d ) C G 6 2 (M d ). 
The object of this section is to prove the uniform bound (with respect to 6 > 0) of 

\\Gs(t, Dy)f(t, • )||i2( Rt 2). 

Since /(£, • ) G L 2 (R d ) f] Ll,(R d ) is a weak solution, we can take 

G s (t) 2 f(t, ■ ) = G s (t, D v ) 2 f(t, ■ ) G H 2N (R d ), 
6 



as test function in the equation of whence we have 

d 



ld_ 

2 dt 



\\Gs(t)f(t,-)\\ 2 L2(Rd) +J2 [ a 3k (f)(d V] G s (t)f(t,v] 



j,k=l 



x (d Vk G 5 (t)f(t,v))dv 

1 d „ 

- {(dtG s (t))f,G s (t)f) L2 ^+J2j Mi (d Vj (v 3 f(t,v))) G s (t)*f(t,v)dv 



a „ 

E l{aMf)(Gs(t)d v J(t,v)) -G s (t)(a 3k (f)d v J\t,v))} 



j,k=l 

x (d Vk Gs(t)f(t,v)^j dv. 

To estimate the terms in the above equality, we prove the following two propositions. 
Proposition 2.1. We have 



Ci\\V v G s (t)f(t)\\l 2m < £ / a jk (f)(d Vj G s (t,D v )f(t,v) 

i£i jRd 

x (d Vk G s (t,D v )f(t,v)} dv. (2.4) 
((d t G s (t))f, G s (t)f) L2 \ < c \\\7 v G s (t)f(t)\\ 2 L2 . (2.5) 



d „ 

Re E / («,•/(*, «)) ) G s (t)*f(t,v) 



< 2ll^(*)/(*)Hi= + 2c o*l|V,G 5 (t)/(t)||l 2 



(2.6) 



Proof : The estimate (|2.4j) is exactly the elliptic condition (|2.3p . By using the Fourier 
transformation, (|2.5[) is deduced from the following calculus 



d t G 5 (t,\Z\) =c Q \^\ 2 G s (t,\^\) 
where 



1 



NS 



\Jn 



l + ( J e cot|?| 2 l + Sc t\£\ 2 

1 JV5 



co|C| 2 G 5 (i,|e|) Jn.s 



To treat (12.611. we use 



1 + 8e c ^\ 2 1 + 8c t\t\ 2 
dt,Gs(t,\{\)=2c t£ j G s (t,\t\)J N ,s 



< 1. 



(2.7) 



Then, we have 



d „ 

Re V / (d Vj ( Vj f(t, v))) G s (t,D v )*f(t,v)dv 

d „ 

= -ReV / v J G 5 (t,D v )f(t,v)(d V] G s (t,D v )f(t,v))dv 

d „ 

-Re V / ([G s (t,D v ),v 3 }f(t,v))(d V] G 5 (t,D v )f(t,v 

= ~||G,(t)/(t, -)lli 2(R£i) "Re^^([G 5 (i,^),^]/(t, W ) 

x (d Vj G 5 (t,D v )f(t,vj)dv. 
Using Fourier transformation and (12. 7|) . we have that for £ > 0, 

d 



£ ^ ([G 5 (£, A,), <;,]/(£, «)) (d Vj G 5 (t, D v )f(t, v) 



dv 



3 = 1 
d 



J2 j Rd (Gs{t,D v )v 3 f(t,v)-v J G s (t,D v )f(t,v)^ (d Vj G s (t, D v )f(t,v))dv 

d „ 

V / {%(G 5 (£,|e|)/(£,0) -G s (t,\£\)(id Cj f(t,0)}G 5 (t,\Z\) »&•/(*, 0« 

d « 

2 / (%G«(«,l^l))/(*,0^G 4 (t,|ei)/(*,0^ 



3=1 ' 

= 2c £ / \t\ 2 \Gs(t,\t\)f(t,0\ 2 JN,sd(;<2c t f |£| 2 |G 5 (£, |£|)/(£, £)| 2 d£ , 

which give (|2.6p . The proof of Proposition ^. H is now complete. 

For the commutator term, the special structure of the operator implies 
Proposition 2.2. 

d p 

J2 / {a 3 k(f)(Gs(t,D v )d V] f(t,v)) -G s (t,D v )(d jk (f)d Vj f(t,v))} 
j,k=i jRd 



x (d Vh G s (jb,D v )f(t,vj)dv = 0. 

Proof : We introduce now polar coordinates on by setting r = |£| and u> = € 
§ rf_1 . Note that d/d^j = ojjd/dr + r~ 1 flj where Vtj is a vector field on and (see 



[14{, Proposition 14.7.1) 



WjOj = 0, ^ fi 3 w 3 = d - 1 • 

3=1 3=1 



(2.8) 



By using Fourier transformation, we have 
d 



E J^{a jk (f)(G s (t,D v )d v J(t,v)) -G s (t,D v )(a jk (f)d Vj f(t,v))} 



3,k=l 



x (d Vk G s {t,D v )f{t,v)} dv 

d 

{ E&[ (fyfeA* - , G a (t, iei)] &■/(*,$} >< ici)/(t,0de- 



3,fc=l 

Noting, in polar coordinates on R|, 

5 2 



4 9r 2 

we have, denoting by G(?' 2 ) = Gs(t, r). 

r ( \ * 2 
2_j Uk[[8jk{- 



d- 1 d 1 



r 9r r 



r 2 E ^3 ' 



3=1 



3,fe=l 



. <9r 2 



<9r 



} 



-{(LO k d/dr + r- 1 n k )(tu ] d/dr + r- 1 n j )}^j , G(r 2 ) 



r d 2 d-l d 

_i_ 

dr 2 



r dr 

d 



G(r 2 ) 



- [( J2(^ d / dr + r'^M Y,^P/ dr + r ~ lQ M)) > G(^ 2 ) 



dr 2 

where we have used 



k=l 

d-l d 
r dr 



G(r 2 



3 = 1 

d 2 8 d-l 



dr 2 dr 



G(r 2 ) 



= 0, 



Then we finish the proof of Proposition 



Remark 2.1. In the above proof of Proposition^^ we have used the polar coordinates in 
the dual variable ofv, which is essentially related to a form of the Landau operator with 
Maxwellian molecules. We notice that the same relation (in v variable) was described 
by Villani fldl l and Desvillettes- Villani fldl] . 

End of proof of Theorem 11.11 : 

From Propositions 12.11 and 12.21 we get 

' d -\\G 5 (t)f(t, .)\\ 2 L2{md) + (C 1 ~lc -2cot)\\\7 v G s (t)f(t, .JUL.p,,, 



2 dr 



<^\\G s (t)f(t, 



\ 2 L 2 (R d ) 



For any < Tq < T, choose Co small enough such that G\ — \c§ — 2coTo > 0. Then we 
get 

j t \\G s (t)f(t, -)\\ LHm < ~\\G s (t)f(t, -)\\ LHm . (2.9) 
Integrating the inequality (|2.9|) on ]0, t[, we obtain 

\\G s (t)f(t, -)\\ L * m < e^H/olU^). (2.10) 
Take limit S -> in pTTOj) . Then we get 

|| e -co*A„ /(t) . )||i2(Rd) < e #*|| /o || i2(K<i) (2.11) 

for any < t < T . We have now proved f(t, ■ ) G ^ 1 / 2 (M d ) and Theorem O 

3. Linear Fokker-Planck equations 

In the paper [3] , there is an exact solution for spatially homogeneous linear Fokker- 
Planck equation. In the inhomogeneous case we can also obtain an exact solution of the 
Cauchy problem (|1.4[) . Denote by 

f(t,V,0 = ^x,v{f(t,x,v)), 

the partial Fourier transformation of / with respect to (x, v) variable. Then, by Fourier 
transformation for (x, v) variables, the linear Fokker-Planck equation (|1.4|) becomes 

f fj(t,v,0-v v e /M,0+£ • v 5 />,r7,o = -iei 2 /(t,^0; 

1 /|t=o = .F(/o)fa,0- 
Therefore we obtain the exact solution 

f(t, V ) = /(0, frT* + 77(1 - e-«),»7) exp ( - £ |£e^ + 77(1 - e — ( )| 2 ^) ■ 

Note that 

/ |ee- r + r;(l-e- T )| 2 dr 
Jo 

= 1 —f^\e + (1 - ■»?+(«- + 2e"*) |»j| a 

= (* - ^)IC| 2 + ^ • t? + (- log(l - X) X ^-)H\ 
where X = 1 - e -t ~ i. We have for < K < 2/3 

/ |£e~ T + ^(1 - e - r )| 2 dr > X(l - l/(2K) - X/2)\£\ 2 + (1/3 - K/2)X 3 \ V \ 2 . 
Jo 

Hence for t ~ X < 2 — 1/AT, we get 

/(t, -)e^ 1/2 (R 2d ), 

so that the ultra-analytic effect holds for any t > by means of the semi-group property. 
But we cannot get the uniform estimate (|1.5[) . 
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We present now the proof of (|1.5|) which implies the ultra-analytic effect, by commu- 
tator estimates similarly as for homogeneous Landau equation. Set 

w(t,ri,0 = f(t,v,€- tr i)- 

Then the Cauchy problem (|1.4[) is equivalent to 



§tw(t, v ,0 = -\£ - tr)\ 2 w{t,r),Z) - - tr)) ■ V 6 w(t,r,,0; 



(3.1) 



w\ t= o = Hh){v,0- 

Since we need to study the function f Q |£ — sr]\ 2 ds, we prove the following estimate. 
Lemma 3.1. For any a > 0, there exists a constant c a > such that 



\z-s V \ a ds>c a (m a +t a+i \r,n 



(3.2) 



Remark 3.1. If a = 2, we can get the above estimate by direct calculation. The following 
simple proof is due to Seiji Ukai. 

Proof : Setting s = tr and fj — tn, we see that the estimate is equivalent to 

\H-Tfj\ a dr>C a (\!;\ a + \fjn. 
Since this is trivial when fj = 0, we may assume fj ^ 0. If |£| < |?7| then 



/ ie - Tf,\ a dr > |f ? r / 

Jo Jo 

■lei/w 



dr 



> 



> 



\m' 



a+l 



dr 



turn 



\t\\ a 



dr 



a+l 0<9<i 
1 

2<*+ 1 (a + l) 



(!-■ 

m a +\vn 



2 a (a + 1) 



If |£| > \fj\ then 



\Z-rrj\ a dT > Id" (l-r^r) dr>\C\ a (1-rVdr 



ier > i 



a + l ~ 2(a+l) 



(ier + ir) 



Hence we obtain 
Set now 



/.,,.<) ,„ [ j ^-snfds-^H 2 
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where cq > is a small constant to choose later, and C2 is the constant in (|3.2|) with 
a = 2. Then (321) implies 

<t>(t,V,0>cvjm 2 +t 3 \v\ 2 )- (3.3) 
Let N ={2d+ l)/4. For < S < 1/4N 2 and t > 0, set 



G a = G 5 (t, 77, 



o<f>(t,T,4) 



(3.4) 



(l + <Se<A(M;,?)) (1 + J(|^|a + |£|2))" 

Since Gg(t, ■ ■) € L°°(M. 2d ), we can use it as Fourier multiplier, denoted by 

(G s (t,D x , D v )u){t, x, v) = T-\(G s (t 7 77, »7, £))■ 

Lemma 3.2. Assume that f(t, •) e £ 2 (K 2d J n L\(B™ V ) for any t G]0,T[. T/ien 
V^j/.f) €L°°(KM), and 

|£-t»j|G*(t,T7, OMt, V, O, 1/71^(^,77, C) 2 ^(i, 77, e), V ( (G s (jt,r), 2 w(t, r,, £)) (3.5) 
fteZon^ to L 2 (RJ^ ) / or an2/ f e]0,T[. 

Proof : Since d (j w = -iF(Vjf), it follows from / e L\(R 2 x d v ) that V 5 w(t, 77, £) € 
L°°(R 2d 5 ). Noting 

If-tylGjforj, OM^M, £) 2 G L°°(K 2d e ), 
we see that the first two terms of ()3.5p are obvious. To check the last term in Q3.5p . note 

t , 1 



2jV<^ 



(l + ^(l^l 2 + iei 2 )) 



(3-6) 



Then, we have 



V^(G 5 (t,77, 2 Mt, »?,£)) = G <5^ £) 2 V^(t, 77, + V^G^jj, 2 )^(*, 77, O 



G 4 (t, 77, V£tD(t, 77, C ) + 4c <(f - -77) 



1 



2 " (1 + Sew*'® 



-G 5 {t, V ,0 2 w(t, 77, O 



4iV<5£ 



-G 5 (/;,77,0 2 ^(t, 77, £)• 



(l + ^ + l^)) 
Since G s {t,r), £) 2 £ £ 2 (K 2d J we have 

G S (t,r], £) 2 V ? u;(i, V,0&L 2 (R 2d ). 

Using 



(1 + Se^'O) 



< 1, 



2iV(5£ 



(i + ^(H 2 + ICI 2 )) 



< 1, 
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and 



t , .,0 1 



(1 + (5p>(*.>).€) 



2 



We have proved Lemma [3721 

We take now Gg(t, rj, £) 2 tD(£, rj, £ ) as test function in the equation of (|3.1[) . Then we 
have 

eft 



-||G 5 (t, •,>(*, -)IIl»(r«) + 2 J Jit-triGs&rj&wfa rj, Ol^dC 

+ ((d t G S (t,; -))w(t,-,-),G s (t,; -)w(t, •)) • (3-7) 

We prove now the following; 
Proposition 3.1. We have 

((^ s (t, v )) M) G j (V,>) 



co / |(£-t»7)G*(*,»7,£M*, t?, 01 « 

-l c ^ 2 J R2d \v\ 2 \G S (t,V,0^(t,V,0\ 2 f 1 + s ^t,nA)) dV( %- (3 ' 8) 



d « 

Re V / 77, (($ - ir^G^i, 77, »?, £)) <M£ 

~[ Jm 2d v y 

<(2c t+^+ CQ ) f \(£-tn)G s (t,ri,Ow(t,ri,£)\*dTid£ 

+ i c ° c2t2 jC< |??|2|G5(< ' * * ° |2 (i+^(^)) d ^ • (3 - 9) 

Proof of Proposition 13.11 : The estimate ()3.8j) is deduced from 

d t G 5 (t,77,0 = c (|e - trtf - L 2 t 2 \ V \ 2 )G s (t }V ,0- ' 



2 z 1 " ; " v '" s; (l + <5e^.«))' 
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Since it follows from (13. 6|) that 

d 



I = RcV / »(* l iI ) 0^fe-%)Gi(t ) iI l O s ii'(t,iI,0)« 

d r t 1 

= Re 2c i^ / Ji, t»fe)(£ - -^OIG^ft, 77, flwfo 77, £)| 2 - drfe 



3=1 



we get 



j= 

Re E / (& - trjj) (d tj G 5 {t, V , Ow{t, r), O) G 5 (t, n, 0«j(t, V, Odvd(, 

. B2d \ / 



^ /" t 1 



drjdt; 



^7 R 2 d (1 + <HM 2 + |£| 2 )) 

c ° t2 f R2d ^ ~~ tr l) ■ v\Gs(t, V, £M<> Oi 2 ^ + s ^ t , v 4)\ dr]d t 



For the last term, noting 

(i + w + lei 2 )) - (i + *(M 2 + m) ~ N s/co + Co1 ^ H 

we finally obtain 

I < hcot + ^+co) [ \(£-tri)G 6 {t,ri,Qw(t,Ti,Z)\ 2 drid£ 

+ d+2 ^/ C ° || Gj ( t>vMf ,.,. ) ||2 3(RM) 
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Thus we have proved Proposition 13. II 

End of proof of Theorem 11.21 : 

Now the equation Q3.7p . the estimate (|3.8[) and (|3.9p deduce 



\\G s (t,;-)w(t, ■■)\\ 2 L 2r R 2d ) 



d_ 

dt 

2c t 
3c 2 

< (d + 2N 2 8/c ) \\G s (t, ■, -)w(t, ■, •)|| 2 L2(R2t!) . 
Then for any < T < T choose Co > (depends on T ) small enough such that 



+ (2-3c -4 Co i-^) f \(C-trj)G 5 (t,r,,Ow(t, V , 0\ 2 dv<^ 



2 - 3c - 4c T - > 0, 

oc 2 



then for any < t < Tq, 



d .. . . , ... d + 2N 2 S/cq .. . . . ... 

— \\&s(t,-,-)w{t, ; • jlU 2 (R 2d ) < o ll & <5(*> vM*> •) •)IU 2 (R 2 < i )> 



which gives 



||G 5 (t, -,-Mi, -j -)llL 2 (R 2d ) < e 2 ||/o||l 2 (r 2 ^) 



Take 5 — > 0, we have 

e co/ 4 IC-^I'd.-cit'lnl'i^ V) £_ tri )\ 2 dr]dZ 

K 2d 

e eoJ?|6+(t-),| a «J.-c lt »|,| a |; (tj < e «Jt|| /(J ||5 



lL 2 (R 2 ' i )- 

By using (|3.3p , we get finally 

||e -c o(t A„ +t 3A,) /(t; . .)|| i2(R2d) < e l*||/ || i2(R2d) 

for any < t < To, where cq = £a £ 2 - > 0. This is the desired estimate (|1.5p . which implies 

f(t, ; -)e^ 1/2 (M 2d ). 

We have thus proved Theorem 1 1.21 



4. Linear model of inhomogeneous Landau equations 



We prove now the Theorem [L3] in this section. By the change of variables (t, x, v) — > 
(t, x + v t, v), the Cauchy problem (|1.8p is reduced to 

f /* = (v„ - tv,) (a^) • (v, - tv x )/ - Km)/) , (4 1} 

\ /|t=o = 9o(x,v), 
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where f(t, x, v) — g{t, x + vt, v). Recall that 



dij(n) = aij <%(|v| 2 + 1) - ViVj ; 



'ij 

d 



h j(p) = X (Ai a «) * a* = ~ v 3 ■ ; *> i = !>•••, d, 
»=i 

and 



In view of this Cauchy problem , we set 



■,,2,1 



*(t,r ? ,e) = c / |C-s77|ds, 
Jo 



for a sufficiently small cq > which will be chosen later on. Then we can use the ([3.20 
with a = 1 to estimate *. Set 

F«(i, »7, 



(l + 5e*)(l + (5*) Ar 



for jV = d+l,0<<5<-^. If A is a first order differential operator of (t, 77, £) variables 
then we have 

Aft = I ^— r ) (AV)F S , (4.2) 



and 

1 N6 



1 + 6e* 1 + 5* 



< 1. 



Taking 

F s (t,D x ,D v ) 2 f = F s (t) 2 f e H 2N (R 2d ) 
as a test function in the weak solution formula of (|4.ip . we have 

^ll*i(*)/ll£»(*«) + (o(m)((V„ -*V x )ft(t)/), ((V„ -tV,)F tf (t)/) ; 
' / v,-/ f fcL - tdrJFx(t) 2 f)dxdv + if f&F*)/, F^t)/ 1 , 

L 2 (R 2d ) 



E / w ^ ((^ " td Xj )F 5 (t) 2 f)dxdv + l((d t F s )f, F s (t)f) 
E / R2d {Ml") (ft (A)(^. - td Xj )) / - F,(t) - td Xj )/) } 



x {{d Vk -td Xk )F s {t)J 

We prove now the following results. 



dxdv. 
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L 2 (R 2d ) 



(4.3) 
(4.4) 



Proposition 4.1. We have 

\\(S7 v -tV x )Fs(t)f\\l 2{R2d) 

< (a(jj,)(jy v -tS/ x )F 5 (t)f), ({V v -tV x )F 5 (t)f 
((d t F 5 (tf)f, F s (t)f) L2 \ < co\\(Vv-tV x )F s (t)f\\ L 4F 5 (t)f\\ L3 

-Re^ / Vj f ((d Vj -td Xj )F s (tyf) < ^\\F s (t)f\\l 2 

+c t\\(V v -W x )F s f(t)\\ L 4F 5 f(t)\\ L 2. (4.5) 

Proof : The estimate (14.31) is a direct consequence of the elliptic condition (jTTTJ) . Using 
the Fourier transformation and noting (|4.2|) . we see that ()4.4|1 is derived from 

1 - u x (d t ^)F S , a t * = c d |e-^|. 



d t F S (t,T),0 = 

For (|4.5p . we have firstly 



1 + <5e* i + <5f 



Re£ / Vj -Ji(t)/ ((d Vj -td Xj )F 5 (t)f) = ±\\F s {t)f\\ 



2 

L 2 ' 



For the commutators [vj, Fg(t)], using Fourier transformation, we have that for t > 
and/ = /(t,ry,£) 

d „ 

-V / ([F 5 {t, D x , D v ),v 3 ]f(t,x,v)) ((d V] -td Xj )F s (t,D x ,D v )f(t,x,v))dxdv 
= - V / (i*(t, fx, D v )v 3 f(t) - ^(i, D x ,D v )f{t)) 



x -td Xj )F s (t,D v )f(t))dxdv 

3 . 

= E / {^(^(*^.0/W)--F5f(*.'?»0(ifle,/(*))}i ; 3f(*.'7,e) 

x - trij)f{t)dr)d£ 

d „ 

= E / [ d tM^ V, 0) /(*)(€,■ - *7, Of(t)dvd£ 

< c < / le-^II^^T?^)/^)! 2 ^ < cot||(V -tV x )F s f(t)\\ L2 \\F s f{t)\\ L 2, 



where, in view of 



we have used the fact that 



3=1 

Thus (14. 5p has been proved. 



< c 



E 
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For the commutator terms, we have 
Proposition 4.2. There exists a constant C\ > independent of 6 > such that 

d . 

I E / f s # M (*) " ^ )) / - p s® ( a i* M " ^ )/) } 



x ({d Vk -td Xk )F s {t)f 
< & {(cot) 2 \\(V v -tV x )F s (t)f\\ 2 L2 + ||*i(i)/||i„} . 



(4.6) 



Proof : In order to prove (|4.6p . we introduce the polar coordinates of £ centered at trj, 
that is , 



r = |£ — tr/\ and 



Note again that d/d£j = ujjd/dr + r Clj where fij is a vector field on S rf . We have 

d d 



again 



E = o, E n^- = d - 1, 

By means of Plancherel formula, we have 



E / {MaO(*« - td x .)) - F s (t)(aM(d Vj - td x .)f) } 



x ((d Vk -td Xk )F s (t)f 

d 

{ E & - f (> A « - > ^ o 1 & - %)/»} 

Id V . — L \ / J J 



j,k=l 



x F s (t,ri,Z)f(t)dSdri 



= J. 
Noting again 



d 2 d-1 d 1 _ 



2 



(=1 



we have with Fg(t, r\, r, u>) = Fg(t, r), r ■ u> + trj) = F$(t, T], £) 
( <. ( d 2 d-1 d 1 v^„,i 



d 

- E ^ 

j,k=l 



d 2 d-1 8 



. dr 2 



dr 



F s 
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[(EK 2 |: + ^«EK-|: + ^ 1 ^i)). * 

3=1 



fc=l 



_^ d d 



i = l ! = 1 



Note again that 



<9 2 d - 1 fl 



Q r 2 r ^ 

On the other hand, we have in view of (|4.2p 



a 2 9d-l 



dr 2 dr r 



= 0. 



= E w * ( 2n ' (i 



l + <5* J 



(n,*) jv<s(n,*)V 



Putting = cJj-Pa w with w(t, r], r, uj) = f(t, rj,r ■ lu + trj), we have 
J = Re J = Rc 



F s QJi 



o Js d 



r 2 {A^w) Fsw r d 1 drdjjjdrj 



(fi,*) JV<J(n z *)\ 



w i (■ Wj r d 1 drdwdrj 



E 



o Js d - 



l + 5e* l + <5* / 



1 + Se* 



+ 10; 

= Ji + J 2 - 

Since Q[ = —Qi + (d — l)w;, the integration by parts gives 
Hence we obtain 



l+6e* 1+5* 



' - E 



o Js*- 1 



1 



iV(5 

l + 5e* ~ 1 + 5* 
19 



(^*) 2 



(4.7) 



Lrt,i(i^-T^) 2 (§<^ 



-(d- 1) ( TT ^ ¥ - ) ( ) f iF^lWdnfc,*,. 



Since there exists a constant Cd > such that 



we have 



< c C d tr, (4.8) 



|J| < C' d {(c t) 2 / / r'lFjHV- 1 *-^*? 



[ [ [ \F s w\ 2 r d ~ l drdu)dr] 
JRi Jo Js*- 1 



lo Js- 1 - 1 

which yields (|4.6p . The proof of Proposition ^. 21 is now complete. 

End of proof of Theorem 11.31 : 

From Propositions l4.ll and l4.21 there exist constants C2, C3 > independent of S > 
and i > such that 

\j t \mm)\\i HV , d) + Q - Mm) n(v, -iv x )(Ji/)(t)ni a(RM) 

So that if 2 — (co*) 2 C2 > 0, we have, 

j t \\(Fsf)(t)\\ L 2 {m 2 d) < C 3 \\(F s f)(t)\\ LHM2d) . (4.9) 
Using the fact (F s f){0) = j^g g , we get 

ll(-FV/)(t)||i3(R2i) < e Cat \\g \\ L 2 {R 2 d) . 
Take the limit 6 — » 0. Then we have 

S 2*(^0 1/(^)1^ < e ^3 t || 50 ||2 2(RM ^ (41Q) 

On the other hand, by Lemma IXT1 there exists a c\ > such that 

e 2 *^\f(t, V) 0\ 2 dridZ = I e^^-^ ds \g{t^-t n )\ 2 dr,^ 

e ^K\iHt-s)v\dsy g ^^2 drid £ 

> I e 2coc ^+ t2 ^\g(t,r,,0\ 2 dvd^. 
Jwi 2d 
20 



Finally, for any < T> < T, choosing cq > small enough such that \ - (c To) 2 C 2 > 0, 
we have proved, 

c c l (t(-A.) 1 / a +t"(-A.) 1 / a ) s(tj ^ v) 2 dxdv < e 2C3*|| ff0 ||2 for any o < i < T , 



which completes the proof of Theorem 11.31 with C = 2C3 depending only on d. 

Remark 4.1. The formulas |^.7| j and \4-<ty show that we cannot get the ultra- analytic 
effect of order 1/2 as in Theorem \1.2\ It is the same reason why we do not consider the 
symmetric term Q{g,[i) in the equation U.8\) as in Jj/- 
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